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ABSTRACT 
Black- body radiation is investigated with emphasis 
placed OII a solution of the Planck integral, 
. .  . ,  
suitable for computer and hand calculation. A computer 
program using this method has been included as well as 
graphs and tables of Planck functions and Planck integrals, 
which can be used for a wide range of wave numbers, U ,  
(= A - I ) ,  and temperatures, T ,  in degrees Kelvin. A suitable 
range is: v from 0.001 to 300,000 cm-' (A from 10 meters to 
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PLANCK FUNCTIONS AND INTEGRALS; 
METHODS OF COMPUTATION 
bY 
Thomas E. Michels 
Goddard Space Flight Center 
INTRODUCTION 
In practically any area of physics related to radiation pyrometry, spectroscopy, radiative 
transfer, o r  any other area of study of electromagnetic radiation, a need for the knowledge of the 
black-body spectrum is needed. 
The visible windows seen on the surface of the earth in earth-based astronomical spectros- 
copy are of primary importance; in radiometry or  infrared spectroscopy, only a small  region of 
the electromagnetic spectrum, say from 5 p  to 30p, is of present concern. With the advances in 
filtering technology many new instruments have been developed that have necessitated the de- 
termination of the total energy or  radiation intensity seen through these short  radiation windows. 
In addition, with the advances of computer technology i t  has been realized that simulations of many 
laboratory as well as theoretical experiments can be accomplished on the computer; this, of course, 
leads to a need for computer calculation of the total radiation seen through these short  windows. 
Therefore, i t  seemed desirable to have access to a short concise reference on black-body radia- 
tion (including useful tables of related Planck functions) and a numerical solution for computer and 
hand calculation of the total intensity seen over a specified range of the spectrum. 
With these thoughts in mind, it was realized that it would be beneficial to have available a 
short concise reference on black-body radiation, including useful tables of related Planck func- 
tions and, as well, a numerical solution for computer and hand calculation of the total intensity 
seen over a specified range of the spectrum. 
In order to compute the total black-body intensity seen through a window of say A ,  to X 2 ,  we 
compute the integral from A, to A ,  of the Planck function B A , ~ ;  that is 
lh: Bh.Tdh = f z B h , T d h  - f l % . T d h  ' 
where B ~ , ~  represents the power radiated per unit wavelength interval at wavelength, A, by a unit 
area of a black body at temperature, T, in degrees Kelvin. And, as will be seen, very convenient 
graphs of 
1 
can be made of the integrated intensity for practically any range of the electromagnetic spectrum. 
This can also be done with the Planck function. 
Since most areas of study now use wave number notation, v (= A-I), all functions and tables 
have been presented using V, although comparisons with wavelength have been included, and all 
functions have been measured in hemispherical radiation, implying that the units of the total in- 
tensity are watts per square centimeter per steradian. The tables of the Planck Function, Planck 
Integral, and related functions presented in Appendix C can be used for practical ranges of v = 
0.001 cm-I to 300,000 cm-l (or A = 0.333 * lo-' cm 1000 cm) and for temperatures ranging from 
1°K to 25,000"K. Graphs are included that cover these spectrum ranges of sources over a wide 
temperature range. 
A solution of the integral 
is presented for computer and hand calculation, and a listing of a function subprogram employing 
this method is presented in Appendix D. 
BLACK-BODY RADIATION LAW 
It has been found experimentally that an enclosure a t  a uniform temperature above absolute 
zero always emits radiation as a result  of atomic and molecular agitation (Ditchburn, 1963). Be- 
cause of the uniform temperature, this radiation reaches an equilibrium value for the total energy 
density and has a definite distribution of energy with wavelength. It has been found that the total 
energy, I(T)o-m , emitted over all wavelengths in a unit time from a unit area of the wall  on the 
enclosure is a function of i t s  temperature only and is 
I(T)o-m = uT4 I 
where T is the absolute temperature in degrees Kelvin. This is known as the Stefan-Boltzmann 
Fourth Power Law and u the Stefan-Boltzmann constant ( v has been measured experimentally and 
theoretically; i ts  derivation is discussed in a later section). 
The distribution of energy is described by the function, BL,T,  and we say that the energy in the 
wavelength range A to ( A  + dh) is B ~ , ~  &. 
temperature T, a t  wavelength hm, and that this maximum is proportional to the f i f t h  power of T, 
that is 
It has also been found experimentally that B L , ~  has a maximum for a given value of absolute 
2 
where b is the proportionality constant. The wavelength where this maximum occurs has a definite 
relationship for all temperatures: 
(2) AmT = constant . 
It is evident that these maximums shift toward the shorter wavelengths as the temperature rises. 
Both of the above laws can be derived from Wien's displacement law, which says that the dis- 
tribution of energy with wavelength obeys the following relationship: 
Wien's displacement law, based on experimental thermodynamics (Ditchburn, 1963), can be used to 
determine Equations 1 and 2 (see Appendix A) but cannot be used to solve for the relationship be- 
tween temperature, wavelength, and energy intensity. Wien later obtained an expression for B ~ , ~ ,  
which agrees experimentally for short  wavelengths beyond the ultraviolet, 
2n hc2 
B h , T  = e h c / h k T  ' (Wien's Law) 
Rayleigh and Jeans, applying the laws of classical mechanics, obtained an expression that agrees 
well with experiments in the longer wavelength region 
2 n C  (Rayleigh and Jeans' Law) B h . T  = ~ kT , A4 
but i t  was not until 1901 that Planck, using a new quantum hypothesis, was able to obtain an expres- 
sion that was accurate over the whole length of the black-body spectrum. Figure 1 shows the back- 
body spectrum for T = 9OO"K, lOOO"K, and 1100°K Planck assumed that the possible energies of 
a mode of variation or  frequency were all multiples of a basic vibration energy, c f  = hf = hc/A,that 
is, 0, c f  , 2 c f ,  3 c  f, 
with energies 0, e f  , 2 c f ,  - . 
- - nef. According to Boltzmann statistics, the probabilities of a given vibration 
n c f  are in  the ratios 
-Ef/kT - 2 e f / k T  ; e  -3c f /kT . . . . 1 ;  e ; e  
3 







- 1  
Figure 1 - 6 ~ , ~  vs. A for T = 900°K, 1000°K, 1100°K. 
Inserting this energy in Rayleigh and Jeans' 
Law in place of the energy kT gives 
o r  
(Planck's Law) 2n hc2 'A,r = ' 
which is Planck's Black-Body Radiation Law, 
more commonly referred to as the Planck 
Function (see Figure 1). 
For convenience, the constants a re  grouped together to form the 1st  and 2nd radiation con- 
stants c, and c2, 
c1 = &hcZ ( w a t t s  cm2) 
2hcz (watts cm? ster-1) 
and 
hc 
c2 = 1;- (cm OK) , 
such that 
4 
These constants a r e  given in Appendix B. 
This paper re fers  to the Planck function in two forms: in terms of wavelength h and in terms 
of wave number u (= A - ~ ) .  
PLANCK FUNCTION 
As stated previously, the Planck function (which is accepted as the correct expression for the 
relationship between black-body intensity, wavelength, and temperature) is ’ 
or, for the total intensity between A and (A t A), 




NORMALIZED PLANCK FUNCTION 
It is important to have a picture of relative black-body spectrums for various temperatures, 
not only to see relative magnitudes but also to see the shape of the spectrum over various ranges 
of wave number. A convenient way of showing this without an excess of graphs for any chosen 
temperature range is to find a normalizing function such that the shapes of the relative spectrums 
are not changed considerably. Normalizing by the maximum intensity accomplishes this. 
Differentiating BY,= with respect to Y gives 
For a maximum, the te rms  in the brackets a r e  set to zero and can be solved by successive ap- 
proximation to obtain 
- 4 . 9 6 5 1 1  
c 2  
T 
- -  
which is correct  to six figures (Harrison, 1960). For a given temperature, this gives the wave 
number um a t  which maximum intensity occurs: 
- 4 .96511  * T  . 
c2 - 
Substituting Equations 5 and 6 into Equation 3 gives the maximum intensity occurring a t  u m :  
/ 4 . 9 6 5 1 1  * T\5 
or 
B(T)max = bT5 w a t t s  s t e r - '  , 
where the proportionality constant b for maximum intensity is 
C .  I 
b = 2 1 . 2 0 2 7  
c 2  
= 4 . 0 9 5 1 2  x w a t t s  s t e r - '  deg . -5  . 
6 
This leads to a convenient normalized function using B(T)max for normalization, which will be 
referred to as B ( V / T ) ~ ~ ~ " ,  or 
B(V//T)~,,, has been tabulated as a function of v/T in Table 1. TO obtain BV,T , f i rs t  interpolate 
to obtain B(V/T),~, ,;  then multiply by bT5: 
B ( T ) , , ~  has been tabulated versus T in "K in Appendix C. 
The plots on the graph in Figure 2 show the relative spectrums for temperature T, versus a 
maximum temperature T,. Obviously T, is completely arbitrary so that this graph can be used for 
any temperature range. The functions plotted a r e  
for T,/T, = 1, 0.9, 0.8, 0.7, 0.6, and 0.5. Thus, a fairly comprehensive picture of the relative 
black-body spectrums of sources over a wide temperature range is made possible. The dashed 
line through the centers is a plot of vm for the maximums falling on the graph. 
TOTAL INTENSITY 
To compute the total black-body intensity for a given temperature over a finite range of wave- 
lengths, say from A, to A * ,  it is necessary to compute the integral 
7 




































Y / T I ,  ( c m  deg)-' 
Figure 2-Normalized Planck function (T, /T2)5 B(v/T, )Norm for T, /T2 = 1.0, 0.9, 0.8, 0.7, 0.6, 0.5. 
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o r  in terms of wave number 
o r  
Therefore, working, say, in some field of pyrometry or  spectroscopy, requires a convenient solution 
to the following integral: 





r Z < l ,  
and because v and T are always greater than 0, Equation 8 can be written 
As compared with the series e-", the series under the integral is uniformly and absolutely 
convergent; therefore, the integration can be performed term by term, and Equation 9 becomes 
The integral can be integrated by parts to give 
Iv3 e-nkv du = e-nkv [$ + 3 -  U Z  t 6  z, + -"I 
(nk)z (nk)3 ( r ~ k ) ~  
o r  
e-nkv 
Jvmu3 enwdu  =  [ ( n k ~ ) ~  + 3 ( n k ~ ) ~  + 6nku + 6 ]  , 
(nkI4 
where, for convenience, k = cz /T (cm). Therefore, 
e-nkv 
I(T)V-m = k4 2r- n4 [ ( n k ~ ) ~  + 3 ( n k ~ ) ~  + 6 nkv + 61 . 
n= 1 
For most values of T and V ,  Equation 12 converges very rapidly; often to 3-digit accuracy in 
one o r  two terms (see Table 1). 
Table 1 












n = l  
f o r  2, 3, 4, and 5 Significant Digits of Accuracy in the Par t ia l  Sum. 
N, the Number of T e r m s  Necessary for Accuracies of 
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Table 1 gives the number of terms, N ,  necessary in the summation to obtain a t  least  the number of 
figures of accuracy stated for the ranges of (v/T), such that 
C l  - n k v  
I(T),-, 2 p '7 [(nk~)~ f 3 ( n k ~ ) ~  + 6 nkv + 61 , 
n = l  
In comparison, integrating Wien's Law 
B ~ , T  = _____ c 2 v / T  ' 
e 
gives 
= 1  
- e-kv [ ( k ~ ) ~  f 3 ( k ~ ) ~  f 6kv + 61 
k4 I(T),-, 
= 
This is the same as Equation 12 with n = 1 and implies that Wien's Law is a limiting function 
for  the Planck functions for values of v/T where N = 1 in Table 1, or that Wien's Law actually 
depends on large values of v/T rather than V ,  as previously stated. Table 1 can then be used to 
define the dividing line for the application of Wien's Law. 
STEFAN-BOLTZMANN CONSTANT 
Immediately, using Equation 12, it is possible to compute the Stefan-Boltzmann constant, U, the 
proportionality constant for the total intensity over all wavelengths or wave numbers. That is 
Setting u = 0 in Equation 12 gives 
rm 
From Knopp, 1956 p. 173, 
11 
Replacing k by C ~ / T  gives 
c1 774 
- -~ u -  
15 c: 
Substitution of c1 and c2 by their values in Appendix B gives the following value for the Stefan- 
Boltzmann constant: 
u = 1.80466 x watts cm-' s ter- '  
NORMALIZED TOTAL INTENSITY 
Again, a s  with the Planck function, i t  is desirable to have a convenient table or  graph covering 
a wide range of temperatures and wave numbers but compact in form; like B(T),,,, the total inten- 
sity I (T)~- ,  = uT4 performs this function. That is: 
cm 
Equation 12 gives 
1) e-nku 
= 4 r- n4 [ ( n k ~ ) ~  + 3 ( n k ~ ) ~  + 6 nkv + 61 , 
l(T)Norm uc2 "=I 
or, after replacing u by c1 7r4/15 c,' , 
m 
Is [ ( n k ~ ) ~  + 3 ( n k ~ ) ~  + 6 nkv + 61 , 
I(+),,,, = 7r4 n 
"= 1 
which, of course, is independent of the f i rs t  radiation constant, c l .  
I ( ~ / T ) , ~ ~ ,  has been tabulated versus v/T in Appendix C; interpolating and multiplying by u ~ 4 ,  
gives 
I(T)o-m is tabulated versus T in "K in Appendix C. 
Figure 3 shows the relative total intensities over a range of wave numbers for a very wide 
range of temperatures. The graphs represent the total intensity, from v to OD, emitted from a 
12 
source a t  temperature T1, and can be used for comparison with a source a t  temperature T,. That 
is, the functions plotted are 
for 
TI -T, = 1.0, 0.9, 0.8, 0.7, 0.6, 0 . 5 .  
Clearly T, is arbitrary, so the graph can be used for any set of temperatures Tl/T, in the 
ranges given (see Figure 3). 
REMAINDER ERROR ESTIMATE 
Rewriting Equation 12 as 
C1 -nku 
I ( T ) v - m  = - k4 
'7 [ ( n k ~ ) ~  + 3(nkv)' + 6(nkv) + 61 + c N  
"= 1 
where cN is the remainder of the summation from N + 1 tom, or 
m 
-nku 
E N  = 5 [(nk~)~ + 3(nkv), + 6(nku) + 61 , 
Nt1 
raises the question: what is an upper limit to the magnitude of cN? 
Two methods are presented which give fairly good values for the ranges of v and T investi- 
gated. In some cases one method is better than the other; therefore a criterion for usage is pre- 
sented for those who want high accuracy in the integral, particularly in using the computer program 


















u / T , ,  (cm deg) - ’  
Figure 3-Normalized Planck integral (T, /T,)4 I(v/T, )- for T, /T2 = 1.0, 0.9, 0.8, 0.7, 0.6, 0.5. 
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In finding an upper bound, i t  was found convenient to rewrite Equation 15 as 
and find an upper limit on the summations 
= re np p = 1, 2,  3, 4 . 
N + 1  
"NP 
SERIES METHOD 
For convenience, let 
N + l  
where z = k v  and, as before, k = c2 / T  . 
The ratio of the (n + 1)th term to the nth term is 






or, in general, 
Therefore, 




giving the result 
e - ( N + l ) z  
< -  
""P - ( N  + I)" (I - e - z )  
This says that the e r ro r  introduced by stopping the summation a t  some term N is less than or 
equal to the next term (N + 1) divided by the factor (1 - e- ' ) .  
limit on E " ,  that is, 
Upon substitution of Equation 17 into Equation 16, one obtains the expression for the upper 
SCHWARZ INEQUALITY METHOD 
Another method, using the Schwarz inequality, seems worthwhile mentioning, since for very 
small values of Z(= c 1  v/T), Equation 18 would not yield a realistic limit, although it is certainly 
good enough for most cases. 
16 
The Schwarz Inequality says  
provided an and bn are at least piecewise continuous decreasing functions. (This, of course, holds 
in the present case, since p L 1. ) Therefore, 
Making the transformation 
on the exponential term gives 
or 
Table 2 contains values of 
("Nb)' ' 1 - 
N + 1  
versus N for values of N from 1 to 20 and p = 1, 2, 3, 4. This can be used to determine the above 
summation from 






























































































integration may be performed over the unit interval from n to n + 1, and therefore 



























g(x)  dx = (2p - 1 )  ( N  f 1)'-2P , 
'N: 1 
gives 
N t 1  
Substitution of Equation 20 in Equation 19 gives 
This says that the error introduced by stopping 
is less or equal to the ( N  + 1)th term reduced by the 
f 1)1/2 (1 - e - 2 r ) 1 / 2  
the summation in 
factor 
Equation 16 at the N t h  term 
The error expression then takes the following form, using the Schwarz inequality: 
19 
C O M P A R I S O N  OF A N D  E N  
Comparison of the expressions for 
would give better bounds on the argument? The answer is: whichever one gives the smaller answer 
for a given N value. That is, the ser ies  expression, c N ,  i f  
and 6” is difficult; i t  is based on the question: which 
or the Schwarz expression, E”, if  
E 
N - < 1  
EN 
A quick evaluation of the two expressions shows that for Z > 1 the se r i e s  expression is the best, 
but, for z << 1 the Schwarz expression is best. 
Using Equation 22, and taking the ratio for the N - 1 term gives: 
‘N-1 1 + e-’ [ ( N ~ v ) ~  + 3(Nkv)’ + 6 Nkv + 61 ~ 
< 1 .  
+ 3 ( N k ~ ) ~  (7)”’ N + 3  + 6 N k v  ( 7 ) l ’ ’  N + 5  + 6 ( ~ ) ~ / ’ ]  N + 7  
Thus the rule is: use c N  (Equation 18) whenever the above inequality is true; use cN‘ (Equation 
21) whenever i t  is false, i.e. when the expression exceeds one. When the expression equals one, 
use either. This is a laborious way to find the best e r ro r  expression. The following criterion, 
provides a simpler computation. 
Computing each summation for p = 1, 2, 3, and 4 of the two methods, that is, say 
gives: 
=-.I) (1 +.e-:) < 
( N  + 2p) (1 - e-’) 
20 
or 
p = 2  
That is, i f  e-= is less  than the four quantities on the right, then UN is better for that particular 
P 
summation than U; . 




, use 5 , N +  1 e-2 < ~ N + 15 
e-*  > N-+1J N t l  , u se  5' . 
N +  1 , use either 5 or EN' .-z - N - + X  
The author is greatly indebted to Mr. W. F. Cahill, Head of the Mathematics and Computing 
Branch, for many helpful discussions on methods of solving the Planck integral and in preparing 
this report, and to Dr. A. Stokes for suggesting methods of computing the remainder estimates in 
the Planck integral sum. 
Goddard Space Flight Center 
National Aeronautics and Space Administration 
Greenbelt, Maryland, November 21, 1967 
188-48-01-99-5 1 
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Appendix A 
Derivation of Equation 1 and 2 
Given Wien’s displacement law, 
Bh,= = *-SF(+) . 
(a) To prove that total intensity proportional to T4, f i rs t  integrate 
Setting 
8 - T h .  
d8 = T d A .  
gives 
I(T)o-m = T4 S - 5  F(i)  d8 . 
0 
Thus, total intensity is proportional to T4. 
(b) To obtain xm, f i rs t  differentiate Wien’s displacement law 
and se t  equal to zero, Le., 
If x = i/hmT, and the differential equation 
x f ’ ( x )  + 5 f ( x )  = 0 
has a solution, the solution must be x = constant. Therefore, 




. . . ... 
Appendix B 
Black-Body Radiation Constants and Formulas 
Al l  values a re  consistent with those given in "Handbook for  Chemistry and Physics." 
(All constants refer to hemispherical radiation; 





Stefan -Boltzmann constant 
- m5k4 - 'I n4 
15h3ca 15c; 
= 1.80466 X 10-l2 watts cm-2 deg-4 ster-' 
- 
velocity of light 
= 2.997925 X 1O'O cm sec-I  
1 st radiation constant 
= 2c2 h 
= 1.1909 X watts cmz  ster 
2nd radiation constant 
hc 
- k  
= 1.43879 cm deg 
_ _  
Planck's constant 
= 6.6252 X watt sec2 
Boltzmann constant 
= 1.38044 X watt sec deg-' 
Maximum intensity constant 
= 21.2022 
c2" 
= 4.09512 X watts cm-3 deg-5 ster-' 
25 
Formulas (in all formulas u = wave number = A-l) 
1. Planck function or black-body intensity 
C I  u5 
~~ 
* U , T  = cZv ,T  watts ster-1 
e - 1  
2. Maximum intensity 
B(T),ax = bT5 watts ster-' 
3. Normalized intensity 
4. Total intensity u = 0 - 
I (T)~- ,  = mT4 watts cm-' ster-' 
5. Total intensity from v -a 
- n k u  C1 = - 
k l4 > n [(nk ' u ) ~  + 3(nk ' v)* t 6 nk ' v t 6 1  
"= 1 
6. Normalized total intensity 
26 
15 
I($)Norm = 7 [(nk' v ) ~  + 3(nk' v ) ~  + 6(nk' v )  + 61 
"= 1 
7. Wave number where B(T),ax occurs 
- 4.96511 
V m  - ___ 
c2 




Tables of Normalized Planck Functions, Planck Integrals, 
Total Intensity, and Maximum Intensity 
(a) Table C1 contains tables of normalized Planck functions, B ( I / / T ) ~ ~ = ~  , where 
and normalized Planck integrals, I(v/T)Norm , where 
versus u/T in (cm %)-' 
T = temperature in OK 
v = wave number (= A - l )  cm-I 
c2 = 2nd radiation constant = 1.43879 cm 5( 
c 1  = does not enter into these tables 
c = Stefan-Boltzmann constant = 1.80466 x watts cm-2 deg-4 s ter- ' .  
b) Table C2 contains tables of total intensity, I(T)o-m , and maximum intensity, B(T),,, , where 
versus  T in 5(. b = 4.09512 X watts cm-3 deg-5 ster-l. 
29 
Table C1 
V / T  in (cm vs B(v/T),,,, and I(v/T),,,, . 





























































































































































































































































































































































































































































































































1.809 1 3-04 
1.62183-04 
1.45363-04 































































































































































































































































































































































































Table C1 (Continued) 
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2.03 11E - 14 
1.777 13-14 
1.55483 -14 

















I(T)o-m = oT4 watts cmW2 ster.-' 
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3.50973 0 1  
4.22753 01 
5.05023 0 1  





























































































































































FORTRAN I V  Subprogram to Compute Either I(T) U-CD OR I ( V / T ) ~ ~ ~ , , ,  
FUNCTION PLNKIN(XNU, T, IOPT) 
PLNKlN COMPUTES EITHER THE PLANCK INTEGRAL, I(T)NU TO INFINITY, OR 
THE NORMALIZED INTEGRAL, I(NU/T)NORM, DEPENDING UPON THE OPTION 
DECLARED BY THE USER. 
IF IOPT = 1, I(T)NU TQ INFINITY I S  COMPUTED. 
IF  IOPT = 2, I(NU/T)NORM IS COMPUTED, 
LIMITS ON Z ARE 1.17E-8 < 2 < 90.14 WHERE 






IF(IOPT.NE.1 .AND.IOPT.NE.2) GO TO 500 
C2 =1.43879 
Y=XNV/T 
z = C2*Y 
AP=EXP(Z) 
S=O. 
IF(Y.LT.7.4) GO TO 5 
x=2. 
GO TO 10 
IF(Y.LT.4.2) GO TO 6 
x=3. 
GO TO 10 
IF(Y.GT.0.45) GO TO 7 
X= A I NT( -46.66*Y+33.) 
GO TO 10 
X= AINT(-2.13*Y +12.96) 
A 1 =EX P( -X* Z) 




IF(X.EQ.1.) GO TO (30,40),10PT 
GO TO 15 
COMPUTE PLANCK INTEGRAL(WATTS CM-2 STER-1) 
30 C1 =1.1909E-12 
35 RETURN 
COMPUTE NORMALIZED INTEGRAL 
40 PLNKIN = 0.15399*S 
PLNKIN = C l  * S *(T/C2)**4 
GO TQ 35 
FORMAT('OOPT1QN SPECIFIED IN ROUTINE PLNKIN NE TO 1 OR 2 ' 1  OPTION 
STOP 
END 
500 WRITE(6,510) IOPT,XNU,T 
510 
1 ='15,' MU ='F6.3,' TEMP ='F9.2) 
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